Abstract This paper adopts an inertia-centric evolutionary model to study the excitation mechanism of new gravito-electrostatic eigenmode structures in a one-dimensional (1-D) planar self-gravitating dust molecular cloud (DMC) on the Jeans scale. A quasi-neutral multi-fluid consisting of warm electrons, warm ions, neutral gas and identical inertial cold dust grains with partial ionization is considered. The grain-charge is assumed not to vary at the fluctuation evolution time scale. The neutral gas particles form the background, which is weakly coupled with the collapsing grainy plasma mass. The gravitational decoupling of the background neutral particles is justifiable for a higher inertial mass of the grains with higher neutral population density so that the Jeans mode frequency becomes reasonably large. Its physical basis is the Jeans assumption of a self-gravitating uniform medium adopted for fiducially analytical simplification by neglecting the zero-order field. So, the equilibrium is justifiably treated initially as "homogeneous". The efficacious inertial role of the thermal species amidst weak collisions of the neutral-charged grains is taken into account. A standard multiscale technique over the gravito-electrostatic equilibrium yields a unique pair of Korteweg-de Vries (KdV) equations. It is integrated numerically by the fourth-order Runge-Kutta method with multi-parameter variation for exact shape analyses. Interestingly, the model is conducive for the propagation of new conservative solitary spectral patterns. Their basic physics, parametric features and unique characteristics are discussed. The results go qualitatively in good correspondence with the earlier observations made by others. Tentative applications relevant to space and astrophysical environments are concisely highlighted.
Introduction
A rich spectrum of nonlinear collective eigenmodes, fluctuations and oscillations is well-known to exist in self-gravitating dust molecular clouds (DMCs) in different space and astrophysical conditions in our galaxy [1−3] . Their excitation dynamics is explained in terms of "clumps" and "filaments" bouncing around, twisting, and colliding within the clouds [2] . Such nonlinear cloud dynamics is important because it ultimately produces the initial conditions for diverse stellar, planetary and galactic structure formation [4−7] .
The convective nonlinearity in such DMCs comes from hydrodynamic properties which acts to steepen the wave, dispersion usually originates from self-gravity which acts to spread the wave, and dissipation arises from collective collisional dynamics of internal origin which acts to damp out the wave [7, 8] . Anomalous dissipation may also be instigated by the dust graincharging mechanism that involves interaction of the plasma electrons and ions in the form of microscopic currents. Depending on the saturation mechanisms of all these combined effects, different types of nonlinear coherent structures result, such as solitons, shock, vortices, and so forth [8, 9] . When the nonlinear wavebreaking is balanced by the effect of linear dispersion in the presence of weak dissipation, a soliton is formed. On the other hand, when the nonlinearity is balanced by the dissipation in the presence of weak dispersion, shock-like patterns are developed. If the nonlinear effects are large (strong fluctuations), the dispersive effects also be large so as to form balanced structures. So, the natural scale length for the existence of such nonlinear eigenmodes in astrophysical environments is typically of the Jeans length order [8] . The DMCs constitute a magnificent natural laboratory of diverse plasma waves, oscillations and fluctuations. Such collective wave signatures and wide spectra in space and astrophysical plasma environments have been detected in situ by various spacecraft instrumentations, on-board multispace satellites, and Voyager cameras [7−10] .
It may be seen that there have been many earlier nonlinear stability analyses on various grainy plasma systems in diverse space and astrophysical situations as reported by different researchers [2−10] . However, to the best of our knowledge, none of these studies has considered dust-flow convective dynamics and frictional coupling of neutral-charged grains in the presence of an active inertial response of thermal species, nor have they predicted any possible change on the excitable eigenmode patterns likely to occur due to the consideration of this inertia. What is more, in particular, the pulsational dynamics [11−15] of inhomogeneous molecular clouds with partial ionization that are periodically undergoing self-gravitational contraction (Newtonian dynamics), due to the weight of the massive dust grains, and electrostatic expansion (Coulombic dynamics), resulting from the interaction of the electrically charged grains is of scientific interest. In addition, the inertial effect of thermal species on such a cloud fluctuation dynamics is still unknown. Therefore, there has been a great need for a long period of time for designing a model for investigating the cloud fluctuations, as a function of collective gravitational weight and electrical charge interaction (referred to as nonlinear gravitoelectrostatic coupling) in the presence of active inertial roles of the plasma thermal species.
In this paper, motivated by an investigation of inertia-induced eigenmode excitation mechanism [16−19] , we try to systematically develop a simplified theoretical model to study the co-existential possibilities for new nonlinear eigenmodes in a onedimensional (1-D) planar field-free self-gravitating DMC in hydrodynamic equilibrium. It is a selfgravitating multi-fluid consisting of warm electrons, warm ions, neutral gas, and identical inertial cold dust grains with neutral and charged components. The neutral gas particles form a background that is weakly coupled with collapsing mass. Such clouds, as previously mentioned, are indeed known to exhibit the pulsational mode of gravitational collapse due to gravito-electrostatic coupling processes [11−15] . The free energy for this instability comes from the associated self-gravity of the dispersed phase of the grains of solid matter over the gaseous phase of the background plasma. The main stimulus is to develop a theoretical model to examine whether the inertial correction adds any new change to the fluctuation dynamics. The complication arising from the inhomogeneous cloud nature is tackled by the Jeans assumption [20−22] , thereby enabling us to treat the model initially as "homogeneous", which is justifiable for local analyses [23−25] . The unique novelty of our proposed gravito-acoustic excitation mechanism lies in the perturbation treatment of the population density of thermal electrons and ions simultaneously. The validity conditions of such an acoustic excitation mechanism demand that there must be at least two plasma species (thermal and inertial), and the plasma flow-potential profiles must be of monotonous type supporting a wide-range wavelike activities of our interest. Such worthy explorations are, undeniably, realizable in diverse laboratory, astrophysical and space plasma environments confined by boundary walls of rigid or non-rigid nature [16−28] .
Adopted model
A simplified astrophysical situation of a field-free self-gravitating DMC within the framework of planar (1-D) geometry approximation in hydrodynamic equilibrium on the Jeans scale is considered. Such a geometrical model may justifiably have a spherical symmetry, but in the radial (1-D) direction only. The global quasi-neutrality in the presence of convective nonlinearity and neutral-charged grain collisional dynamics is taken into account. It could be visualized as a static distribution of the multi-fluid consisting of electrons, ions, neutral gas and identical dust grains with partial ionization. The thermal electrons and ions are assumed to have weak inertia, and the massive grains are fully inertial in nature. The considered grains get negatively charged (for v te >> v ti ) through various attachment phenomena due to the plasma environment amid statistically random collision processes with the thermal species [9−11] . The grain charging mechanism is a dynamic and self-consistent process in which the background electrons and ions are collected spontaneously. We consider a steady-state configuration of the identical charged grains, which means that the charge does not vary during the fluctuation evolution of interest. In fact, such self-gravitating plasmas are inhomogeneous in nature [20−22] . However, for simplification, our model is methodologically developed based on the Jeans assumption of self-gravitating uniform homogenous plasma [22] . Thus, the zero-order self-gravitational field is neglected, and the equilibrium is treated initially as "homogeneous", thereby validating local analysis.
In normal DMCs, magnetic field is ∼ 1 µG, around which the charged grains, in principle, perform gyration [11] . For q d ∼ 100e and m d ∼ 10 −13 kg, the gyroperiod of the grains is τ cd ∼ 10 6 years, which is too slow to influence the grainy dynamics considerably. The effects of the magnetic field on the grains are experienced through plasma particles, which are usually well coupled to the field. So, the effect of the magnetic field is ignored, and an unmagnetized cloud configuration [11−15] is considered. The drag effects and other force field effects are also neglected for the time being. For simplicity, we ignore complications like dust-charge fluctuation, grain size-distribution, rotation, viscosity, spatio-temporal inhomogeneities, etc.
By comparing the contributions of the selfgravitational and electrostatic forces using usual parameter values [11−13] for the plasma charged particles, it is found that they are many orders of different magnitude, leading to negligible self-gravitational effects. However, if the grains are relatively huge (compared with the electrons and ions), but within the Newtonian validity limit of the point-mass approximation, the gravitational effects will be significant to affect the cloud dynamics. In view of the fact that the grains are now treated as point masses, the trapping of thermal ions by them may be ignored. The electric force strengths generated by the involved electrostatic polarization effects (local charge imbalance) are assumed to be relatively weak [12] , so that only the lowest-order contributions of various nonlinear terms are considered. The neutral gas-dynamic particles form the background which is weakly coupled with the collapsing plasma mass. The gravitational decoupling of the background neutrals in the gaseous phase may be justified for a reasonably higher inertial mass of the grains.
The efficacious inertial mass of the cloud is collectively contributed by the heavier grains, and negligibly by the inertia-corrected thermal species, but it is valid within the limit of Newtonian point-mass approximation [11−15] . An assumed wide-range spectrum in the grain-mass (m d ∼ 10 −8 -10 −18 kg) physically allows a suitable parameter regime, where, the monopolar selfgravitational and bipolar electrostatic forces may become approximately comparable. Thus, if the grain charge-to-mass ratio is such that Gm It may further be worth mentioning that the adopted model setup sustains the nonlinearity (wave steepening agency) due to fluidity, the dispersion (wave spreading agency) due to self-gravitational interaction within the planar geometrical curvature approximation and the dissipation (wave damping agency) because of collective collisional dynamics of intrinsic cloud origin. The strength of the electric forces developed from spacecharge polarization effects (local charge imbalance) are considered to be too weak to excite higher order contributions of various nonlinear terms on the Jeans scale, thereby validating our underlying assumption of weak nonlinearity.
Basic governing equations
The equilibrium dynamics of the electrons and ions on the Jeans scale are governed by the Boltzmann equations [13, 14] for zero-inertia presented with all the usual notations as follows,
and
The neutral dust dynamics ignores any kind of frictional coupling with any other fluids for analytical simplicity and insight of the subject. This can be well justified [14] for the Jeans mode frequency ω J >> f nc with f cn /f nc ∼ n dn0 /n dc0 >> 1, where f cn is the binary collisional rate of linear momentum transfer (collision frequency) from the charged to neutral grains, whereas f nc represents reversely the same from the neutral to charged grains. The dynamical behavior of the neutral grains (colder) is described by the full inertial character in the form of the force-balancing momentum equation and the flux conserving continuity equation given as follows,
Frictional coupling of the charged-charged grains (Coulombic collision) is neglected in our model. This is because the associated force exchange counterpart to be included in the charged dust momentum equation will be f cc (v dc − v dc ) ≈ 0, which is valid for the identical grains. Therefore, similar to the neutral grains, the dynamics of the charged grains with full-inertia in the presence of weak frictional coupling processes between neutral-charged grains are collectively governed by the hydrodynamic equations given below,
The Poisson equations for the equilibrium electrostatic potential (φ) and self-gravitational potential (ψ) distributions close the model structure dynamically as follows,
(8) Here, it is presumed that the equilibrium dust density n d0 = (n dc0 + n dn0 ) models the Jeans swindle of the equilibrium unipolar gravitational force field, which is a kind of local approximation [12−14] for the equilibrium self-gravitating mass distribution. This provides a formal justification for discarding the unperturbed (zero-order) gravitational field, and thereby allows us to regard the equilibrium initially as a homogeneous one (locally). Indeed, its justifications are as follows. A spatially homogeneous self-gravitating plasma system cannot be in static equilibrium (for which ∂ 2 ψ ∂ξ 2 ∼ 0), since there is no pressure gradient to balance the gravitational force (originating from m d n d0 ≈ (m e n e0 + m i n i0 + m dn n dn0 + m dc n dc0 ) as evident from Eq. (8). This physically means that selfgravitational potential is sourced only by density fluctuations (and not by unperturbed material density) of the infinite uniform homogeneous background medium over its equilibrium structure [20−22] . The Jeans homogenization assumption (ad hoc) for the self-gravitating uniform medium may not be the most suitable one, but it allows us to treat the self-gravitating inhomogeneous plasma analytically in a simplified way [22] . The results based on this homogenization assumption in most of the cases are not far from the large-scale realistic picture of different space and astrophysical perturbation dynamics [22−24] . Eq. (8) is modeled to sustain the weak inertial contributions of both the electrons and ions towards selfgravity, though very small in principle. This equation is in the nonrelativistic classical limit of the Newtonian gravity (without invoking the general theory of relativity in the Minkowski space). Here n e , n i , n dc and n dn are the unnormalized population densities of the electrons, ions, charged grains and neutral grains, respectively; and n e0 , n i0 , n dc0 and n dn0 are the corresponding equilibrium values. The notations m e , m i and m d denote the mass of electron, ion and grain with electric charges −e, +e and q d (= Z d e) at temperatures T e , T i and T d (all in eV), respectively. The symbols v dc and v dn are the flow velocities of the charged and neutral dust fluids, correspondingly. The subscripts "e", "i", "d", "dc" and "dn" stand respectively for electrons, ions, dust, charged dust and neutral dust, whereas the associated subscript "0" signifies the equilibrium as already mentioned. The notation G(= 6.67 × 10 −11 N m 2 kg −2 ) stands for the universal gravitational constant. The thermal pressures of the electrons and ions are given by their isothermal equations of state p e = n e T e and
Derivation of KdV equations
As a first step, we deduce the inertia-modified Boltzmann population distributions [18] for our model. This is done by incorporating partial kinetic (inertialess) over fluid (inertial) descriptions simultaneously on the leading order [16−19] . So, we normalize Eq. (1) as,
The normalized electron continuity equation in timestationary form is ∂ ξ (N e M e ) = 0, which on integration with N e0 = 1 gives the electron flux conservation rule as,
A combination of Eqs. (9) and (10) yields the electron velocity evolution in the potential space,
Then, the normalized electron momentum equation in steady-state form is
Integration of Eq. (12) using Eq. (11) finally yields the normalized inertia-corrected electron population density distribution of interest, as given by
Likewise, one gets the normalized inertia-corrected ion population density distribution as
Thus, the lowest-order inertial correction of the thermal species can be included via Eqs. (13) and (14), which contain the active inertial characteristics through the presence of the inertial mass-ratios m e /m i and m i /m d , respectively. In a multi-ion plasma like ours, the physical condition [25] under which the weak inertial effects, in principle, are dominant is m e /m i ∼ m i /m d ≈ δ, where δ = 0 is the inertial correction factor. If one considers δ → 0, then, Eqs. (13) and (14) are reduced back to the normal Boltzmann distributions as presented before.
The normalized forms of the dynamical evolution equations of the neutral and charged grains as a closed non-autonomous system with all usual notations are respectively given as,
The independent coordinates like position (ξ) and time (τ ) are normalized by the Jeans length (λ J )and Jeans time ω −1 J scales, respectively. The physical parameters M dn (ξ), M dc (ξ), Φ (ξ) and Ψ (ξ) represent the normalized neutral dust flow velocity, charged dust flow velocity, electrostatic and self-gravitational potentials, respectively. All the velocities are normalized by the dust sound phase speed (C SS ), and all the potentials are normalized by the electron thermal potential (T p /e) so as to compare them on a common basis. Moreover, N e , N i , N dn and N dc are the population densities of the electrons, ions, neutral grains and charged grains normalized by their equilibrium densities n e0 , n i0 , n dn0 and n dc0 , respectively. Furthermore, F cn is the collision frequency between the charged and neutral grains normalized by the Jeans frequency
, where the equilibrium cloud material density is ρ 0 = (n e0 m e + n i0 m i + n d0 m d ) in the presence of the inertial correction of thermal species.
We apply a standard methodology of multiscale techniques (also known as the reductive perturbation method, or multiple scaling technique) [23−25] over the coupled structure Eqs. (13)- (20) . So, we introduce stretched variables as X =∈ 1/2 (ξ − µτ ) and T =∈ 3/2 τ such that ∂ ∂ξ ≡∈ 1/2 ∂/∂X and ∂/∂τ ≡∈ 3/2 ∂/∂T − µ ∈ 1/2 ∂/∂X, where µ is the fluctuation phase velocity, and ∈ is a minor scaling parameter. The relevant dependent physical variables are expanded nonlinearly (in ∈-powers) around the corresponding defined equilibrium as follows, 
where,
and ∂ X (Equilibrium)=0 in our pre-defined configuration. We use expansion (21) in Eqs. (13)- (20) for orderby-order analyses. Equating the like terms in various powers of ∈ from both sides of Eq. (13), one gets
and so on. Again, equating the like terms in various powers of ∈ from Eq. (14), one gets
and so forth.
A similar order-by-order analysis in various powers of ∈ from Eq. (15) yields
and so on.
The order-by-order analysis in various powers of ∈ from Eq. (16), similarly, gives
and the like. By the same procedure, Eq. (17) gives
and so forth. Likewise, the order-by-order analysis in various powers of ∈ from Eq. (18) yields,
and etc. The same order-by-order analysis for Eq. (19) presents,
The order-by-order analysis in various powers of ∈ from Eq. (20), similarly, yields
Electrostatic KdV equation
After simplifying Eq. (42), by systematically eliminating the second-order perturbed quantities using various expressions among Eqs. (22)- (45) in accordance with the conventional procedure [23−25] , we get the following KdV equation describing the nonlinear electrostatic fluctuations (in terms of Φ 1 ) on the Jeans scale, expressed as
Here, the characteristic coefficients are β 1 = α 2 /α 1 (nonlinear due to fluidity) and β 2 = α 3 /α 1 (dispersive due to self-gravity), where,
Self-gravitational KdV equation
As in the electrostatic case, a similar treatment to Eq. (45) yields the following KdV equation for the nonlinear self-gravitational fluctuations (in terms of Ψ 1 ) on the Jeans scale,
which has the nonlinear coefficient Θ 1 = χ 2 /χ 1 and dispersive coefficient Θ 2 = χ 3 /χ 1 , where,
Stationary pair KdV equations
We are interested in the basic features of the steadystate structures of the fluctuation dynamics. So, Eqs. (46) and (50) are transformed into ordinary differential equations (ODEs) by the Galilean co-moving transformation ρ = X − T , so that ∂/∂X ≡ ∂/∂ρ and ∂/∂T ≡ −∂/∂ρ without any loss of generality as follows,
Clearly, Eqs. (54) and (55) together constitute a unique steady-state pair KdV equations in a new space coordinatized by ρ only.
Results and discussions
A simplified inertia-based theoretical model is proposed to explore the nonlinear gravito-electrostatic fluctuation characteristics in a planar DMC with partial ionization, convective flow dynamics and neutralcharged dust collisional effects. Its unique originality and overall goal lie in the inclusion of the lowestorder inertial correction of plasma thermal species in the presence of the joint action of long-range gravitoelectrostatic forces. It depicts the possibilities of coexcitations of a new pair of KdV eigenmodes.
We understand that the self-gravitating large-scale plasmas are indeed inhomogeneous in nature, and so, the equilibrium parameter values keep on spatiotemporally changing [20, 21] . Thus, adopting a local normalization procedure with constant normalization parameter values dependent on various plasma variables throughout the entire cloud is not so physically justifiable. However, based on the Jeans assumption for a self-gravitating homogeneous medium in an assumed initially homogeneous equilibrium [20−22] , our choice of standard normalization constants dependent on the equilibrium is well justified. Based on a time-stationary framework, we successfully depict a rich variety of detailed fluctuations, wave-like activities and their parametric evolution methodologically.
Electrostatic fluctuations
It is seen that our electrostatic fluctuation dynamics is collectively governed by KdV Eq. (46). Its steadystate solution in explicit form by the method of direct analytical integration [10] can, approximately, be obtained as Φ 1 (ρ) = Φ 1m sech 2 (ρ/ω e ), which is solitarywave-like in structure. The soliton has amplitude Φ 1m = 3/β 1 , and width ω e = √ 4β 2 . Thus, the model analytically supports a rich spectrum of soliton-family eigenmode excitations as a conservative KdV structure depending on plasma conditions. To see the exact excitation patterns, Eq. (46) is simulated numerically by the fourth-order Runge-Kutta method in judicious plasma conditions [11−15] . The results are displayed graphically in Figs. 1-4. We illustrate them jointly by the co-evolution of electrostatic potential (Φ 1 ), field (−∂Φ 1 /∂ρ), curvature ∂ 2 Φ 1 ∂ρ 2 , and phase portraits (in a phase space defined by Φ 1 and ∂Φ 1 /∂ρ). , and µ = 1.00. Here, the potential ( Fig. 1(a) ) undergoes a new type of dynamic transition from a compressive solition-chain to a single flat compressive soliton pattern (extended) with slight increase in the grain-mass. The corresponding field fluctuations (Fig. 1(b) ) are hybrid periodic waves composed of both soliton (compressive) and antisoliton (rarefactive) counterparts in accordance with the basic law of conservative dynamics (E e1 = −∇ Φ 1 ). The curvature profile (Fig. 1(c) ) shows that the degree of deviation from quasi-neutrality mapped over the cloud equilibrium is irregular, which is contributed by soliton-trains of varying amplitudes. The phase portraits ( Fig. 1(d)) give a parametric representation of the geometrical trajectories for the global behavior of local fluctuation dynamics in the phase plane. This reveals a conservative (nondissipative) nature as the trajectories evolve as closed-form structures. For increasing m d , the trajectories overlap over one another at the potential value corresponding to that near the cloud center. Therefore, it is pertinent to add that the central portion of the cloud surrounds the most sta-ble fixed point. The trajectories in the phase portraits start to get slightly separated from one another as the perturbed potential increases in magnitude from the center outwards. This reveals that the cloud gets gradually more unstable at spatial points away from the cloud center with an increase in m d . (red line), Case (3): µ = 9.92 × 10 −1 (green line), and Case (4): µ = 1.00 (black line), respectively. It is clear that the amplitude of the compressive soliton pattern increases with an increase in reference frame velocity, and gets transformed into an extended soliton ( Fig. 2(a) ). As a result, an interesting transition from a soliton-chain (smaller amplitude) to a single flat soliton pattern (larger amplitude) is noticed. Due to gravitoelectrostatic interplay, we observe a periodic nature in the electric field fluctuation as a soliton-antisoliton admixture (Fig. 2(b) ), and in the perturbed deviation from quasi-neutrality as a multi-peakon structure (Fig. 2(c) ). As a result, the corresponding re-organized phase portraits get elongated outwards (Fig. 2(d) ) relative to the center, but still in closed form.
Likewise, Fig. 3 (black line), respectively. It is observed that the width of the solitary patterns increases with slight increase in equilibrium ion population density, and vice versa ( Fig. 3(a) ). However, the amplitude remains almost the same in relative strength. This is physically due to gradual increase in the potency of deviation from quasi-neutrality with an increase in the equilibrium ion population density. This deviation, in turn, increases the dispersion which gradually broadens the horizon of the structures with the hydrodynamic nonlinearity remaining the same. The rest of dynamical features of the eigenmode spectrum evolve accordingly (Fig. 3(b)-(d) ) as highlighted before.
Lastly, Fig. 4 presents the same as (green line), and Case (4): n e0 = 6.50 × 10 6 m −3 (black line), respectively. It is seen that with the increase in equilibrium electron population density, the amplitude of the fluctuations in the new form of flattened soliton-like eigenmodes remains unchanged, whereas the width (shape) gradually increases like a compacton (Fig. 4(a) ). As a result of a deviation from quasineutrality due to more electrons, this reflects a steady increase in the dispersive effects responsible for broadening the eigenmodes with amplitude remaining fixed. And thus, nonlinear signatures in the evolution of the field (Fig. 4(b) ) and curvature (Fig. 4(c) ) are observed in that order. Nevertheless, the phase portraits corresponding to these special cases suffer no major modification (Fig. 4(d) ) as compared with those observed before.
Self-gravitational fluctuations
The evolution of the nonlinear self-gravitational eigenmode patterns is collectively governed by selfgravitational KdV Eq. (50). Its steady-state solution in explicit form by the method of direct analytical integration [10] is approximately obtained as Ψ 1 (ρ) = Ψ 1m sech 2 (ρ/ω g ), which belongs to a self-gravitational soliton family. The characteristic soliton amplitude is Ψ 1m = 3/Θ 1 with soliton width of ω g = √ 4Θ 2 . The model is, in addition, integrated numerically as before to examine the detailed features of the patterns in some realistic cloud conditions. The numerical profiles thus obtained are presented in Figs. 5-8. We demonstrate them by the co-evolution of self-gravitational potential (Ψ 1 ), field (−∂Ψ 1 /∂ρ), curvature ∂ 2 Ψ 1 ∂ρ 2 , and phase portraits (in a phase space defined by Ψ 1 and ∂Ψ 1 /∂ρ). (Fig. 5(a) ). The amplitude of the patterns increases with an increase in m d , and vice versa. A unique transition from a soliton-chain to a single soliton structure (with two tails) is found to take place. This, in fact, goes well in accordance with the Newtonian gravitational law [14] , revealing that the self-gravitational potential increases with the grain mass within the point mass approximation, and vice versa. It is again seen that the self-gravitational field fluctuation associated with the compressive soliton patterns is a nonlinear periodic wave composed of both compressive and rarefactive solitary counterparts ( Fig. 5(b) ). This is as per the basic law of the conservative self-gravitational KdV dynamics (E g1 = −∇ Ψ 1 ), such that the curvatures (Fig. 5(c) ) get self-consistently re-organized in a like dynamical fashion. So, the nature of the phase portraits ( Fig. 5(d) ) turns into bigger sizes, but are always closed in shape. (Fig. 6(a) ) decreases with an increase in the fluctuation phase velocity, and vice versa. The dispersive effect, accordingly, gets slightly re-modified to decrease the width of the eigenmodes to have a balance as previously mentioned. The rest of the features (Figs. 6(b)-(d) ) are similar to those as highlighted before. (4): n i0 = 6.10 × 10 9 m −3 (black line), respectively. It is again understood that there exists a unique type of eigenmode transition from a compressive single soliton of large amplitude into compressive soliton-chain eigenmode patterns of small amplitude with an increase in the equilibrium ion population density ( Fig. 7(a) ), and so forth. (Fig. 8(b)-(d) ) with similar characteristics as discussed before. 
Comparative fluctuations
The nonlinear gravito-electrostatic fluctuation dynamics in a field-free planar hydrodynamic DMC with global quasi-neutrality in the presence of the inertial role of thermal species is modeled. The eigenmodes evolve as a unique pair of KdV dynamics collectively. Although the excitation mechanisms are similar, the obtained KdV spectral classes exhibit some distinctive features in terms of their microphysical response characteristics.
A quantitative glimpse of the various nonlinear electrostatic (Figs. 1-4) and self-gravitational eigenmode structures (Figs. 5-8 ) may be presented as follows. In normal astrophysical environments, let us take T p = 10 4 K∼1 eV in the HII region [11] , ∈= 10 −2 [19] and λ J = 3.09 × 10 8 m [26] such that T p /e ∼ 1 V, T p /eλ J ∼ 3.23 × 10 −9 V/m, and so forth. Now, it is seen that Φ 1 ∼ 10 −3 (Figs. 1(a)-4(a) ). So, φ phys = ∈ (T p Φ 1 /e) ∼ 10 −5 V. Similarly, the real electric
This is a very small quantity signifying that the global quasi-neutrality is not affected appreciably due to the inertia-based perturbation treatment amidst considered weak nonlinearities.
The observed self-gravitational fluctuation variables (Figs. 5-8 ) can likewise be estimated within the same conditions. So, the actual self-gravitational potential fluctuation (Figs. 5(a)-8(a) ) is ψ phys = ∈ (T p Ψ 1 /e) ∼ 10 −7 V (in electrostatic equivalent units). The real field fluctuation (Figs. 4(b 
−16 V/m. Similarly, the potential curvature (Figs. 4(c)∼8(c) 
−27 V/m 2 , which implies a scrawny deviation from the global mass neutrality due to weak perturbation. Consequently, on comparison, one quantitatively gets φ phys /ψ phys ≈ E ephys /E gphys ≈
It is, therefore, clear that the electrostatic fluctuations are more dominant (contributed by all charged particles) than the corresponding self-gravitational counterparts (contributed by all massive particles). If the grain charge-to-mass ratio is so high that Gm
, the self-gravitational effects would be more dominant. Then, the interplay of the two opposite forces in establishing the gravito-electrostatic equilibrium may play an important role in the formation processes of diverse astrophysical structures. Based on our theoretical model analyses, a quick comparison between the two classes of eigenmodes is presented in Table 1 as follows. Normal shape transition Soliton-chain to flat soliton, and vice versa Soliton to solution-chain, and vice versa 19 Phase portraits Closed and the center is the most stable Same (conservative) fixed point 20 Validity limit Weak nonlinearity (<3 rd order) and Same, but for nonrelativistic point-mass nonrelativistic point-charge assumption estimate
Conclusion
In this study, we try to develop an inertia-based theoretical model for investigating the electrostatic and self-gravitational nonlinear eigenmode excitations in a planar self-gravitating cloud on the astrophysical scale. The basis of the adopted model is the Jeans assumption of self-gravitating homogeneous uniform medium paving the way for local analytical simplification. The active inertial role of the cloud thermal species and weak frictional coupling are included. We specifically demonstrate the co-existence of some precise situations which are rich in soliary spectral patterns and collectively governed by a unique pair of KdV equations obtained by the standard multiscale perturbation approach. Both approximate analytical (by direct integration) and exact numerical (by the fourth-order Runge-Kutta method) forms of the patterns are derived. Their possible characteristics are investigated analytically, numerically, and comparatively in detail. Although simplified, our model calculations allow us to highlight the following main conclusive remarks of astrophysical significance and implication.
a. Nonlinear gravito-electrostatic fluctuations in planar field-free DMC are governed by a new pair of KdV equations, instead of a single one, obtained by multiscale analyses.
b. A rich variety of solitary spectral patterns is supported amidst the small-amplitude approximation in some judiciously chosen plasma and astrophysical conditions.
c. New eigenmode structures are contributed by the collective gravito-electrostatics of the inertial species (grains) and thermal species (electrons and ions) amidst an integrated interplay of diverse nonlinear (hydrodynamic cause), dispersive (self-gravitational cause) and weakly dissipative (collisional cause) effects.
d. The intrinsic conservative dynamics involved in the KdV system is well-satisfied even in the presence of the lowest-order inertial correction of thermal species and weak friction (due to closed forms of the phase portraits).
e. The electrostatic eigenmodes have greater strengths as compared with those of the selfgravitational ones. The corresponding unipolar selfgravitational contribution is not so strong because of small inertial masses of the constituents unless and until the long-range force-ratio condition F G /F E =G m f. Our solitary spectral patterns analyzed in our cloud model have astrophysical importance too. They are in partial and qualitative correspondence with the predictions in situ made by various spacecraft instrumentations, on-board multispace satellite reports, and experimental findings [2−10] . Examples of such clouds are Lynds 204 Complex, Barnard 68, and so forth.
g. Our investigation may afford different and wider scopes for elaborate improvement and refinements to understand the temporal eigenmode evolution with various equilibrium spatio-temporal inhomogeneities.
h. For a more creative and comprehensive understanding of the dynamics, our model needs to be elaborated with realistic incorporation of grain rotations, magnetic field, dust-charge fluctuation, diffusion, viscosity, grain-size distribution, etc [27, 28] . Exploration of the key processes as to how molecular cloud complexes are formed by accumulation of matter along magnetic flux tubes [28] may be an added future direction.
i. Lastly, we hope that the adopted methodologies, strategic techniques and analyses may be extensively used as input elements in further investigating the selfgravitational collapse, formation and evolution of stars, galactic structures and other cluster-like astrophysical objects in different space, astrophysics and plasma environments.
